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CHARACTERIZATIONS OF LINEARLY INDEPENDENT
FUNCTIONS

ZILI WU, YUAN GAO

ABSTRACT. For functions fi1,..., fn on a set D, we characterize their linear
independence with an invertible matrix from their values at n distinct points in
D. With the matrix, the pointwise convergence of a sequence {gy } of functions
in the span{fi,---, fn} is shown to be equivalent to those of the sequences
of the coordinates of ggs in the span. When f;s are bounded, a pointwise
convergent sequence {gx} must uniformly converge to a function in the span.
It turns out that the limit of a convergent sequence {gi} inherits the con-
tinuity, differentiability, and integrability of f;s. Furthermore the (pointwise
or uniform) convergence of a sequence of solutions of an n-th order constant
coefficients linear differential equation is completely determined by that of the
sequence of relevant initial conditions.

1. INTRODUCTION

Consider a set of functions fi, fa,..., f, from a nonempty set D to K (the real
numbers R or the complex numbers C). The set is said to be linearly dependent if
there exist ¢1,ca,...,c, in K, not all zero, such that

crfi(x) +eafo(z)+ -+ enfulx) =0 forall z € D. (1.1)

The set of functions is said to be linearly independent on D provided that it is not
linearly dependent.

For (n—1) times differentiable functions f1, fa, ..., f, on an interval I, it is known
that their linear dependence implies that their Wronskian vanishes in I. Hence, if
the Wronskian of these functions is not zero at some point in I, then they must be
linearly independent. However, linearly independent functions may have vanishing
Wronskian. For example, the Wronskian of functions fi(z) = 22 and fa(z) = z|z|
vanishes on R [I0] but they are linearly independent. So, without extra conditions,
a vanishing Wronskian of functions does not completely characterize their linear
dependence. Many relevant results on linear dependence of functions have been
obtained by studying their Wronskian, see [I]-[T1] and [13]-[14]. However, these
results are not applicable to the cases where functions are not differentiable.
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We note that the linear independence of fi, fs,..., f, implies that for any
C = (c1,¢a,...,¢)t # 0 there exists at least one point x € D such that fails.
Are there more such points in D when n > 1?7 Can we characterize the linear inde-
pendence of these functions in terms of their values at such points? For the function
space spanned by these linearly independent functions, does every pointwise con-
vergent sequence in it uniformly converge? Does the limit function of a pointwise
convergent sequence in the spanned space inherit the continuity, differentiability,
and integrability of the sequence? Recall that there are n linearly independent so-
lutions for an n-th order constant coefficients linear differential equation. Are there
any relations between a sequence of initial conditions and the sequence of solutions
of relevant initial value problems? This paper aims to present positive answers to
these questions.

2. LINEAR INDEPENDENCE OF FUNCTIONS

As we see, for linearly independent functions fi, fa,...,f, on D and for any
0 # C € K" there exists at least one point z in D such that fails. Our first
result in this section states that for such functions there must exist n distinct points
in D such that fails.

Theorem 2.1. Let fi, fa,..., fn be functions defined on a nonempty set D. Then
f1, f2,..., fn are linearly independent on D if and only if there exist distinct points
T1,%9,...,Z, in D such that

i) = oo
is invertible. Hence fi, fa,..., fn are linearly dependent if and only if for any
distinct points z1, 2, ...,z in D the matrix [f;(x;)] is not invertible.

Proof. Denote
Fi = [fl(xl) fl(al‘g) s fz’(.ﬁn)]t S K" for i = 1, Loy n.

Then [f;(x;)] is invertible iff Fy, F5, ..., F), are linearly independent. So it suffices
to show that fi, fo,..., fn are linearly independent on D iff there exist distinct
points x1, s, ..., x, in D such that Fy, Fs, ..., F, are linearly independent.

Firstly we prove the sufficiency. Suppose that there exist x1,zs,...,z, in D such
that I, Fy, ..., F, are linearly independent. Then fi, fa,..., f, must be linearly
independent. Otherwise, suppose that they are linearly dependent. Then there
exists (c1,c¢a,...,¢n) # (0,0,...,0) such that

crfi(x) +eafo(x)+ - -+ enfu(x) =0 forall z € D.

Taking x = x1, 22, ...,Tn, we get c1 F1 + coFs 4+ --- 4+ ¢, F,, =0, that is, Fy,..., F,
are linearly dependent, contradicting the assumption.

To prove the necessity, let f1, fo,..., f, be linearly independent on D. Then for
each i = 1,...,n there exists x; € D such that f;(x;) # 0.

For n = 2, it is easy to see that either fi(z)f2(x) = 0 for all € D or there
exists © € D such that fi(z)f2(x) # 0.
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If fi(z)f2(x) = 0 for all z € D, then for each x € D either f1(z) =0or fo(z
Since there exist x1,z2 in D such that f1(z1) # 0 and fo(xo) # 0, fo(z1) =
fi(z2) = 0. It follows that 1 and zo are distinct and

o) =16 e [2600) = (o)
are linearly independent.

If there exists z € D such that fi(z)fz2(x) # 0, then there must exist distinct
points x1, s in D such that

)=0.
0 and

Fien) e 2]

are linearly independent. Otherwise, for any distinct points x1, x5 in D there exists
(c1,c2) # (0,0) such that

fi(z1) fa(z1)| _ |0
“ [fl(»’mﬂ e [f2(1’2)] a M .
Note that, for a point x; satisfying fi(x1)f2(z1) # 0, we have ¢; # 0 and ¢y # 0.

It follows from ¢y f1(x1) + cafe(x1) = 0 that

fi(x1) = cfo(xy) with ¢ := —

C2
C1 '

In addition, for any x € D with x # x, there exists (dy,ds2) # (0,0) such that
f1($1)} {fz(ld)} [0}
d +d = .
' [fl(x) ? | fa(2) 0
This with fi(z1) = cfa(z1) implies that (dic+ ds) fo(21) = 0. Hence

dg = —dlc and dl [fl (.1?) — sz(l‘)] = d1f1 (a:) — dlcfg(l‘) = d1f1 (.13) + dgfg(x) =0.

Since fi(z1)f2(21) # 0 and (di,d2) # (0,0), di # 0. Thus fi(z) = cfa(z) for all
x € D, a contradiction.

For n = k > 2, suppose that there exist distinct points x1,xs,...,x; in D such
that for any (c1,¢a,...,cx) # (0,0,...,0) there holds
Ji(z1) Ja(z1) Jr(z1) 0
Ji(z2) fa(z2) Jr(z2) 0
c1 : + ca : 4+t : #+ - (2.1)
fi(zr) fa(zr) Jr(zr) 0

Then, for n = k + 1, to show the conclusion desired to be valid, we suppose that
for any 1,92, ..., yk+1 in D there exists (dy,da,...,dk+1) # (0,0,...,0) such that

f1(y1) J2(y1) frot1(y1) 0
0

" f1(:y2) s fz(:yz) et fk:+1:(y2) 7 2.2)
J1(Wrs1) Jo(Yr+1) Jrt1(Yrs1) 0

In particular, for the points x1,xa,...,z; in (2.1) and any fixed zp4q in D\
{z1,22,..., 2k} (which is nonempty due to the linear independence of fi, fa, ..., fr+1),
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there exists (dy,ds,...,dgr1) # (0,0,...,0) such that

fi(z1) fa(z1) Sres1(z1) 0
0

31 fl(:xQ) +32 f2(:332) +"'+Ek+1 fk+1:($2) -] (2.3)
f1($.k+1) f2(l’.k+1> fk+1(:73k+1) 0

From (2.3) and (2.1), we see that dy11 # 0. If we denote M := [f;;]pxk with
fij = fi(z;) fori=1,....k and d := [dy dy -+ di]* , then M is invertible and it
follows from ([2.3)) that

frt1(21)

fk“,(xz) = —dy,  Md. (2.4)

fk+1'($k)

Now for any x € D\ {x1,72,..., 21}, by (2.2)), there exist d € K* and dj1 € K
such that (dy,ds,...,dky1) # (0,0,...,0),

k
M(d — dk+1dk+1d) = Md— dk+1dk+1Md = 0, and Z djfj (.T) + d}g+1f]€+1 (.’13) =0.
j=1
Obviously diy1 # 0. In addition, since M is invertible, d — dkHE;ila = 0. Thus
dj = dk+18,:i18j fOI‘j = 1, ey k. So

k k
frer(@) = —dgh Y difi(@) = —diyy Y di £ ().
j=1 j=1

This with (2.4) shows that fi,..., fre1 are linearly dependent, a contradiction.
And hence the conclusion desired for n = k + 1 is valid. Therefore, by induction,

the conclusion is valid for all n € N. O
For functions fi, fa,..., fn on D, there exist an invertible matrix [¢;;] and func-
tions ey, eq,...,e, on D such that

fi(x) = cirer(x) + cinea(x) + -+ 4+ cinen(x)  for 1 <i<mnandzx € D.

If ey, e9,..., e, are linearly independent on D, then, by Theorem [2.1} it is easy to
see that fi, fo,..., fn are linearly independent on D. Next result states that the
linear independence of fi, fa, ..., f, must conversely imply that of ej,es, ..., €e,.

Theorem 2.2. Let f1, fo,..., f, be linearly independent functions on D. If there
exist a matrix [c;;] and functions ey, ez, ..., e, on D such that

fi(x) = cirer(x) + cinea(x) + -+ -+ cinen(z) for 1 <i<mnandz €D,

then [c;;] is invertible and e, eg, . . ., e, are linearly independent on D. In addition,
for [d;j] = [ci;]~* there holds

ei(x) = di1 fi1(x) + diafo(x) + - - + din fr(x)  forxz € D.
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Proof. Since f1, fa, ..., fn are linearly independent on D, by Theorem there
exist n distinct points 1,2, ..., 2, in D such that [f;(x;)] is invertible. By as-
sumption, we have

fl(l'l) fl(zn) i1 Cin 61(101) 61(1’71)

f2($1) f2($n) C21 ° C2n 62(301) 62(1'n)

fn(xl) fn(xn) Cnl1 " Cnn en(xl) en(mn)
This shows that both [¢;;] and [e;(z;)] are invertible and hence, by Theorem [2.1
e1, e, ..., ey are linearly independent on D. So, there exists [d;;] such that

ei(x) =dipfi(x) + dinfa(x) + -+ dinfa(z) forl1<i<mnandzeD.

Taking x = x1, s, ..., T,, we obtain

er(z1) - eilzn) div - din| [fi(@) o fi(@a)

ea(ry) - ea(wn) doy - don| | fa(®1) - fa(xn)
Thus

[ei(25)] = [di] [fi(z5)] = [dir][ckm]lem(25)] = [dnr][crillei(z;)]
and hence [dzk][ckj] = Ihxn, that is, [dlj] = [Ci]‘]il. O
Given functions f1,..., fn, : D — K, we denote

span{fi,....fa} ={f: fx) =cifi(x)+ - -Fcnfu(z),r€D,c;e K(1<i<n)}

associated with the norm || f|| := sup{|f(z)| : ¢ € D} for f € span{fi,..., fn}. As
another application of Theorem [2.1] next result about interpolation can be obtained
by the linear independence of functions.

Corollary 2.3. Let f be a function from D to K. If there exist distinct points
x1,%2,...,%, in D and functions fi, fa,..., fn on D such that [fi(z;)]nxn is in-
vertible, then there exists a unique function g € span{ fi, fa,..., fn} such that

g(z;) = f(z;) forj=1,2,...,n.
Proof. Taking C* € K" such that C[f;(z;)] = [f(x1) f(z2) --+ f(zn)], we obtain

9(z) = Clfi(2) fa(x) -+ ful@)]" forx €D,

which is in span{fi, f2,..., fn} such that g(z;) = f(z;) for 1 <j <mn.

We claim that the above function g is unique. Otherwise suppose that there
existed another function go(z) = Co[f1(z) fa(x) -+ fu(2)]" in span{fi, f2,..., fa}
such that C* # C§ € K™ and go(z;) = f(z;) for 1 < j <n. Then

(C = Co)lfr(a;) falwz) -+ ful@))]" = g(w;) — golz;) =0 for L <j <n.
Since [fi(x;)]nxn is invertible, C' — Cy = 0. This contradicts C' # C. O

For n € N, by definition, it is easy to see that the functions fi(z) = 2% (0 <i <
n — 1) on C are linearly independent. For any distinct points 21, ..., 2, in C, the
determinant of the matrix [f;(z;)] is Vandermonde which is nonzero, so [f;(z;)] is
invertible. Thus the linear independence of f;(z) = 2% (0 < i < n — 1) can also be
obtained by Theorem With this we obtain the following conclusion.
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Corollary 2.4. Let p,(2) = ag+ a1z + -+ + a,2™ be a polynomial function with
ayn # 0. Then there exist at most n distinct zeroes of p,,(2).

Proof. Suppose that p, has n 4 1 distinct zeroes z1, 22, ..., 2zp+1. Then for
11 .- 1 ag 0
zZ1 Z9 s Zn+1 aiy 0
2 2 .. L2 : : 0
Z .= |1 #2 “ntl|  AY = |22 | and 0" := ,
27 2% o zZpa an 0
we have AZ = 0 and det Z # 0 (by Theorem . Thus A = 0, contradicting
an # 0. O

Consider the functions fi(z) = 22 and fao(x) = z|z| for x € R [10]. It is easy
to find their Wronskian W (f1, f2)(x) = 0 for all x € R but, by definition or by

Theorem Rl with 1 = —1 and 22 = 1 (or 1 = —1 and x5 = 2), fi and fo
are linearly independent on R. Note that the set of z1,--- ,z, for [fi(z;)] to be
invertible is not unique. In addition, the linear independence of fi, fo,..., f, on

a set D does not always imply that the matrix [f;(z;)] is invertible for all distinct
points x1,x2,...,x, in D.

3. POINTWISE CONVERGENCE IMPLIES UNIFORM CONVERGENCE

The title of this section is a statement for a sequence of functions in the space

spanned by finite linearly independent functions. Given functions fi,..., f, on
D, we firstly characterize a pointwise convergent sequence in span{fi,..., fn} as
below.

Theorem 3.1. Let fy,...,f, be linearly independent functions from D to K.
Suppose that

gr(x) = cufi(@) +cpafo(z)+ -+ cpnfn(z) for ke Nand z € D.(3.1)
Then

(1) gr — g pointwise on D if and only if ¢; := limg_, 4o ki exists for each
1<i<nand

g(z) = cafi(@)+cafo(z)+ - +cnfn(z) forallze D. (3.2)

(#4) Ifalso fi,..., fn are bounded on D, then the pointwise convergence of {g;}
on D implies the uniform convergence of {gx} on D.

Proof. (i) Since f1, fa,..., fn are linearly independent on D, by Theorem there
exist distinct points z1, 22, ..., z, in D such that the matrix [f; (Cvj)]an is invert-
ible.

Suppose that {gr} C span{f1,..., fn} is pointwise convergent to g on D. Then

g(z) = lim gx(x) foraxe D
k—+oo

and for each k € N and each ¢ = 1,...,n there exists ¢; in K such that (3.1)) is
satisfied for all € D. In particular,

gr(w5) = curfi(z;) + erafa(zy) + o+ cenfu(zy) forj=1,...,n,
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from which we obtain

fi(z)  fo(zr) - fal@)] [em gr (1) g(x1)

i fi(x2)  fa(ze) -+ fa(w2)| |ck2 . gr(72) B g(w2)
ko | S 8 S I Bl

fl(xn) f2<xn) fn(xn) Ckn gk(xn) g(xn)

In addition,

Ck1 c1 filze)  fo(za) -0 fulx) g(x1)
Ch2 ca|  |fil@2)  folwe) oo falzo) g(2)

-1

as k — +oo.

1
i

Ckn Cn fi (xn) fQ(xn) T fn(mn) g(xn)
Thus g satisfies for all x € D.

Conversely, if for each k € N there exists (cx1, Cr2, - - -, Ckn)? € K" such that each
¢; = limg_, 400 Ci exists for 1 < ¢ < n with and being satisfied for all
x € D, then it is easy to see that gy — g pointwise on D.

(i4) Now, suppose that fi,..., f, are bounded on D. Since

Z cri — i) fi(w)| < Z|Ckz —cillfi(z)]

gk (2) — g(x)| =

IN

Z |cki — ci| sup{|fi(z)| : = € D}

IN

11;1%xn{sup{|fi(m)\ :x € D}} Z |k —¢i|  forall z € D

and hmk—H—oo Cki = C; for 1 < ) < n,
lim sup{|gr(z) —g(x)| : x € D} =0.
k—+o00
It follows that {gx} is uniformly convergent on D. O

Remark 1. For functions fi,. .., f, in Theorem[3:1] if there exist functions ey, ..., e,
on D and d;1,...,d;, in K such that

filx) = direr(x) + digea(x) + - -+ + dinen(z) for 1 <i<nandzx € D,
then, by Theorem e1,69,...,e, are linearly independent.

For {gr} C span{fi,..., fn}, since for each k € N the coordinates cy1, ¢z, - . ., Cn
of gr in span{fi,..., fn} satisfy
ge(®) = crfi(z) + chafo(z) + -+ + cpnfu(T)
n n n n
Zc;ﬂ- Zdijej(x) = Z (Z ckidij> ej(z) forxzeD,
=1 j=1 j=1 \i=1
it follows from Theorem that g — ¢ pointwise on D if and only if, for the
coordinates ck1, Cka, - - ., Cin, Of gs, limg 4 o Z?:l cridi; exists forall 1 < j <n. So
the pointwise convergence of {gi} is independent of the bases of span{fi,..., fn}.

Next, we apply Theorem [3.1]to study the continuity, differentiability, and integra-
bility for the limit function of a pointwise convergent sequence in span{ fi,..., fn}-
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Theorem 3.2. Let D be a subset in a metric space, fi,...,f, be linearly in-
dependent functions on D, and {gx} C span{fi,..., fn}. Suppose that g — g
pointwise.
(1) If x is a limit point of D, lim;_,,. f;(t) exists, and f; is bounded for 1 <i < n,
then lim;_,, gx(t) exists and

lim lim g¢x(¢t) = limg(¢) = lim lim gg(2).

t—x k—+o0 t—x k—+oot—x

(i¢) If D = [a,b] and f1,..., f, are differentiable at = € [a, b], then g, is differ-
entiable at = for k € N, {g}.(x)} is convergent and limy_, 1, g}, (x) = ¢'(x).

(#97) If D = [a,b] and fi,..., f, are integrable on [a,b], then, for & € N, g is
integrable on [a,b] and, for z € (a,b], {[ gr} is convergent and

xr xr
lim gk = / g
k—+oo [, a

Proof. For k € N and gi in span{fi,..., fn}, we have ¢; € K (1 < ¢ < n) such
that

gk (%) = cr f1(x) + crafo(®) + - + cpnfu(x) forallz € D. (3.3)

Since fi,..., fn are linearly independent on D and g — g pointwise, by Theo-
rem [3.1] limy 4 o0 ki = ¢; € K for 1 < i < n, and

g(x) = kggloogk(x) =c1fi(x) +cafalz)+ -+ enfulz) forallzeD. (3.4)

Now, if f; is bounded for 1 <4 < n, by Theorem again, gy — ¢ uniformly.

For a limit point x of D, if lim;_,, f;(¢) exists for 1 < ¢ < n, then, for each
k € N, Ay := limy_,, gx(t) exists. By [12, Theorem 7.11], {Ax} converges, and
lim; ., g(t) = limg— 4o Ak. Hence (i) follows.

To show (ii), let D = [a,b] and fi,..., f, be differentiable at x € [a,b]. Then g
is differentiable at z and, by ,

95 () = cra f1(x) + crafole) + - +epnfr(z)  for k€N
This with limg e = ¢; € K for 1 <4 < n and (3.4) implies that {g) (z)}
satisfies

lim g (z) = kl}gloo[%lf{(x)+Ck2fé($)+“'+0knfé($)]

k—4oc0
= afi@) +eafy@)+-+efi(@) =g (@).
Next, suppose that fi,..., f, are integrable on D = [a,b]. By (3.3] , gk is inte-
grable on [a,b] and, for k € N and z € (a,b],

/a k—Ckl/ f1+0k2/ ot +Ckn/ In-

It follows from limg s yoocp; = ¢; € K for 1 < ¢ < n and that {f; gk} is
convergent and limy_, 4 o faz gr = faw g. Thus (iii) is valid. O

Remark 2. For linearly independent functions f1, ..., f, on [a,b], if they are con-
tinuous on [a, b], then it is easy to see that f; fis-es f; fn are linearly independent
on [a, b]. However, even if they are differentiable in (a,b), fi, ..., f/, may be linearly
dependent in (a,b). For example, the functions 1, z,...,2" ! are linearly indepen-
dent and differentiable in (0, 1), but their derivatives 0, 1,...,2"~2 are not linearly
independent in (0, 1).
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When functions f1, fa,..., f, are continuous, the uniform convergence of a se-
quence in span{fi,..., fn} can also be characterized as below.
Theorem 3.3. Let D be a subset in a metric space, functions fi,..., f, : D — Kbe

continuous, bounded and linearly independent on D, and {gx} C span{fi,..., fu}.
Then the following statements are equivalent:

(1) {gx} is pointwise convergent on D.
(i4) {gr} is uniformly convergent on D.
(#it) There exists g : D — K such that for each z € D and each sequence {x}}
in D converging to z, there holds limy_, oo gi(zx) = g().

Proof. Since (i) = (i) follows directly from Theorem [3.1]and (iii) = (i) is obvious,
it suffices to show (ii) = (4i7).

Suppose that g converges uniformly to g. Since fi,---, f, are continuous, by
Theorem g is continuous. For z € D, if {x} is a sequence in D converging to
x, then

|9k (2x) = g(ax)| < sup{|gr(u) = g(u)| : u € D}.
Since sup{|gr(u) — g(u)| : uw € D} — 0 as k — +o0, it follows that

kEToo gr(wx) = kEToo 9(zi) = 9().

Thus (é4i) is valid. O

If {gr} is not in a finite dimensional space of functions and it is only pointwise
convergent but not uniformly convergent, then there may exist z € D such that
{gr(xk)} does not converge even z;, — = as k — +o0.

Example 3.1. Consider {gi.} C C([0,1]) defined by gi(z) = x* for z € [0,1].
For the sequence {xy} given by

1 2
xkzl—Efork:%n andxkzl—%fork::%n—i—l with m € N,

it is easy to see that xp — 1 as k — +oo. However,

m1—1>r-Ii-10<> Gom(T2m) =€~ and ml_i}}rloo G2m+1(Tami1) = €72,
that is, limg_ 1 o gr (k) does not exist.
Example 3.2. Consider a sequence {gy}, where g : N = R for k € N. Suppose
that for each i € N, gx(i) — a; as k — +00 and a; — a as i — +oo. The case
limg s 100 gk (k) # a may happen. For example, let

1\ F
gr(i) = (1 - z) fori,k € N.
For each i € N, we have img_, 1o g (i) =0 =: a; and lim;—, 1, a; = 0 but

1
lim gr(k)= lim (1— %)k =e 1 #£0.

k—+o0 k— o0
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4. WHAT A CONVERGENT SEQUENCE OF INITIAL CONDITIONS MEANS

In the last section, we consider the following initial value problem:
PO @)+ an fOV@) 4t af (@) Faof (@) =0 (A1)
subject to  [£(0) £/(0) <+ fOVO) = Bi= by by -+ basa),  (42)
where a;s and b;s are constants in R for 0 < i < n—1. For the initial value problem,

(4) if function f is a solution of (4.1)) on an interval I, then f, f/,..., f() are
linearly dependent on I, so for any distinct points x1, 22, ..., 2,41 in 1,

det[f(i) (xj)}(n+1)><(n+1) =0,
where £ (z) = f(x).
(7i) By Theorem £, ..., f™ Y are linearly independent in I iff there
exist distinct points x1, 22, ..., z, in I such that [f(i)(xj)]nxn is invertible.
(#i7) For solution functions fi, fa,..., fn of (4.1)), they are linearly independent

in I iff the Wronskian W ( f1, fa,..., fn)(z) # 0 for all = in I iff there exist
Z1,%2,...,%, in I such that [f;(x;)] is invertible.

Given n linearly independent solution functions ¢1,¢2,...,9n of (4.1)), for any
c1,C9,...,Cy in R, the function
f(z) = c191(x) + caga(w) + - + cngn(7)

is a solution of (4.1]) completely determined by its initial condition when its deriva-
tives at 0 in (4.2]) are available. In this section we further demonstrate that f can
also be determined by its values at n appropriate points without using derivatives.

Theorem 4.1. Let ¢1,92,...,9n be linearly independent solutions of (4.1). Then
for each solution f of (4.1)) and each closed interval [a, b] satisfying 0 € [a, b] # {0},

there exist ¢1,ca, ..., ¢, in R and distinct points x1, s, ..., T, in [a,b] such that
f(@) = c191(x) + c202(x) + - + cugn(x)  for z € [a,b] (4.3)
cr (@) (@) o gal@)] " [f()
C2 gi(w2)  ga(z2) ... gn(w2) f(x2)
and | . = : : . . : (4.4)
Cn 191 (2n) QQ(xn) oo gn(Tn) f(wn)
@) g0 e g0 7T £0)
91(0) 92(0) -+ g,(0) f'(0)
= . : . . : .(4.5)
A () S () N S O I (U

Proof. Since g1, g2, ..., gn are linearly independent solutions of (4.1)), the general

solution f of (4.1) is given by (4.3) and for each closed interval [a,b] satisfying
0 € [a,b] # {0}, by Theorem there are distinct points 1, 2a,..., 2, in [a,b]
such that

gi(x1)  ga(z1) ... gn(x1)

[9i ()] == g1(:a:2) gQ(:xQ) gn(:xz) (4.6)

91(;571) 92(;’371) gn(wn)
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is invertible. It follows from (4.3]) that

-1

c1 g1(@1) g2(z1) ... gn(z1) f(z1)
C2| g1(z2) g2(22) ... gn(z2) f(z2)
o] @) o) o oa@)] L@
On the other hand, implies f®)(z) =31 | ciggk)(x) (0<k<n-1),s0
£(0) 91(0) 92(0) -+ ga(0) ¢
o) | | %0 92(0) -+ g,(0) ca
f(n—.l)(()) ggn—-l) (0) gén_.l)(()) - 97(1"—.1)(0) C.n
from which we obtain
e 20 g0 g0 1T F0)
el | 900 92(0) -+ g,(0) f'(0)
ol L0 ) - o) L)
The proof is complete. O

From Theorem the linearly independent solutions of (4.1)) can also be further
characterized in terms of their initial conditions.

Theorem 4.2. Let g1, 92,...,gn be linearly independent solutions of and let
fi(z) = cingr(x) + cioga(x) + - - - + Cingn(z) and ¢;; € K for 1 <4, j < n. Then the
following statements are equivalent:
(i) f1,f2,..., fn are linearly independent on [a,b] with 0 € [a,b] # {0}.
(i¢) For [a,b] with O € [a,b] # {0}, there exist z1, 2, ..., 2, in [a,b] such that
[fi(z;)] is invertible.
(iii) [f97V(0)] is invertible.

7

Proof. The equivalence (i) < (i¢) is immediate from Theorem so it suffices to
show (ii) < (ii3).

Since g1, g2, - - - , gn are linearly independent, for each [a,b] with 0 € [a, b] # {0},
by Theorem there exist distinct points x1, o, ...,z, in [a,b] such that G :=
[9i(z;)] is invertible.

For convenience, we denote

Fi=(fia))], F"P0):= 70 60 =g ).

For 1 < i < m, since f;(z) = ci1g1(x) + cing2(x) + + - - + Cingn(x),
n n
Filey) =" cingr(wy) and f770(0) =3 cingt "V (0) for 1< j < m.
k=1 k=1
Note that G and G((Jnfl)(O) are both invertible and
FG™' = [fi(ey)]lgi(2;)) 7" = le] = " D065V 0)]
It follows that
F=F"D0)G0]76¢ and  F"D(0) = FGTGH(0).
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Thus [f;(2;)] is invertible iff [f~"(0)] is invertible, that is, (ii) < (iii). O
Denote a sequence of initial conditions of (4.2]) by { B}, where
By = [bOk b1 --- b(nfl)k]t for k € N.

It is known that equation (4.1)) has n linearly independent solutions which are
bounded on each closed interval interval containing 0. So Theorem is applicable

here. We will use Theorems and show that the (pointwise or uniform)
(4.1

convergence of a sequence of solutions of (4.1]) is equivalent to that of the sequence
of relevant initial conditions.

Theorem 4.3. Given a sequence {By} of initial conditions of (4.2), let fj, be the
solution of subject to [fx(0) f.(0) --- ,gnil)(O)]t = By, for k € N. Then the
following statements are equivalent:
(i) {By} converges.
(#i) {fx} converges pointwise.
(vig) AL {fe}, {fi}, -, {f,gn_l)} converge pointwise.
() ADL{fe}, {fi}, -, {fkn_l)} converge uniformly on each closed interval [a, b]
satisfying 0 € [a,b] # {0}.
(v) {fx} converges uniformly on each closed interval [a, b] satisfying 0 € [a, b] #
{0}
Proof. (i) = (ii). As we know, there exist n linearly independent solutions g1, g2, . .-, gn
of and the general solution f of is
f(z) = c191(x) + cag2(x) + - - + cngn(x), where ¢; € R for 1 < j < n.

For any € R and closed interval [a,b] containing 0 and z, by Theorem there

exist distinct points z1, s, ..., 2, in [a,b] such that
gi(z1)  g2(x1) ... gn(z1)
[gi(xj)] :: 91(:’62) 92(;’132) gn(:%) (4.7)
0 92 o galen)

is invertible.
For each k € N, the solution of (4.1)) subject to

[F:(0) £i(0) -+ £" VO] = By
is fr(z) = 327, ckjg;(x). From this we have By, = ACy, where

91(0) 300) ... g.(0) e
91(0) g0) ... g,(0) oo

A= : : . : is invertible and Cy := | . |,
g0 o8V L g0 Chn

so fr(z) = Y- ekjgi(x) = [g1(x) ga(@) -+ gn(2)]A"'By. And hence, if {By}
converges, then {f(z)} converges. Thus (i) follows.

The implications (i7) = (i44) = (iv) are immediate from Theorems [3.2] and
(and their proofs) respectively since all {fi}, {f.}, ..., {f,g"_l)} are continuous on
each closed interval [a, b] satisfying 0 € [a, b] # {0}.
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(iv) = (v) is obvious while the implication (v) = (¢) can be proved by (v) =
(tv) = (i), which is immediate from Theorem and (iv) with = 0. Thus the
proof is complete. O

Remark 3. The implication (v) = (i) in Theorem [4.3]can also be directly derived
as below: Let [a,b] be a closed interval containing 0, z1,x2, ..., 2, and let fi — f
uniformly on [a, b]. Then

lim fi(x;) = f(x;) forl1<i<n
k—4o00

and, by Theorem[3.1] there exists C = [c1 ¢2 -+ ¢,]* such that f(z) = 327", ¢;g; (),
from which we have

g1(x1)  go(z1) ... gn(x1) f(x1) e
g1(x2)  g2(x2) ... gn(x2) f(x2) _|e
0(@n) g@) oo ga@a)]  Lf@)] e
This with
gi(@1) ga(1) oo gal@)] T [felz)] [em]
91(:1‘2) 92(:902) gn(.l“z) fk(.xz) _ Cl:cz or ke N
0@) 02@a) - gnl@a)] | fel@a)] et

implies that ¢ = limy—, 4o cij for 1 < j < n.
NOW7 for Bk = [b()k blk b(n_l)k]t, since Bk = AC’]€7

k—+oo k—+oo

This shows that () is valid.
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